Abstract. The G-function associated to the semisimple Frobenius manifold C n /W (where W is a Coxeter group or an extended affine Weyl group) is studied. The general form of the Gfunction is given in terms of a logarithmic singularity over caustics in the manifold. The main result in this paper is a universal formula for the G-function corresponding to the Frobenius manifold C n / W (k) (A n−1 ) , where W (k) (A n−1 ) is a certain extended affine Weyl group (or, equivalently, corresponding to the Hurwitz spaceM 0;k−1,n−k−1 ), together with the general form of the G-function in terms of data on caustics. Symmetries of the G-function are also studied.
Introduction
The main result in this paper is the following universal formula, independent of k , G = − 1 24 t n for the G-function corresponding to the Frobenius manifold C n / W (k) (A n−1 ) , where W (k) (A n−1 ) is a certain extended affine Weyl group (or, equivalently, corresponding to the Hurwitz spacê M 0;k−1,n−k−1 ) [DZ1] , together with the general form of the G-function in terms of data on caustics. For n ≤ 3 this result is already known [DZ2] , with such solutions being found by directly solving the governing equations for G . For arbitrary k and n a different approach is required.
The G-function itself plays a number of important roles within the mathematics and applications of the theory of Frobenius manifolds, all connected, especially in the semisimple case, with the construction of genus one objects from genus zero data. Thus in TQFT it appears in the genus one contribution to the free energy of the field theory; in enumerative geometry it governs genus one Gromov-Witten invariants; in integrable systems it appears in the first order deformation of bi-Hamiltonian structures. The (n = 2, k = 1) case corresponds to the quantum cohomology of CP 1 , and the precise form of the G-function is required in establishing, to first-order in the genus expansion, that the underlying integrable system is the Toda lattice. The results in this paper may to used to construct similar conjectures for generalized Toda and Benney hierarchies. It will be assumed in this paper that the reader has an understanding of Frobenius manifolds. In particular, the concepts and notation will follow Dubrovin [D1] .
In [DZ2] Dubrovin and Zhang (following from conjectures of Givental [Gi1] ) proved that for semisimple Frobenius manifolds the G-function is given by the formula G = log τ I J 1/24
( 1) where τ I is the isomonodromic τ -function and J is the Jacobian of the transformation between canonical and flat-coordinates. The governing equations for G itself were obtained by Getzler [Ge] and are the following overdetermined set of linear equations [DZ2] :
1≤α1,α2,α3,α4≤n
k ≥ 2 where H = c να ν ∂ α . For any given Frobenius manifold one may solve the governing equations given in the above theorems to find the G-function. However, for classes of Frobenius manifold, such an approach is impractical. The idea behind this paper is that it is the singularity structure of these differential equations that drives the solution: the solution may be derived purely in terms of data on the singularities. Geometrically these singularities correspond to caustics in the Frobenius manifold and the singularity data to the F -manifold structure on the caustics. This idea will be illustrated by finding the G-function for Frobenius manifolds constructed from Coxeter groups and extendedaffine Weyl groups. These caustics also have a number of interesting curvature properties and applications in integrable systems theory [S] .
The rest of the paper is laid out as follows. In section 2 the relationship between the multiplication on caustics and the singularities of the G-function is studied. In section 3 these results will be used to study the G-function for the Frobenius manifold C n /W , where W is a Coxeter group. In section 4 the G-function will be studied for the Frobenius manifold C n / W , where W is an extended affine Weyl group, concentrating in particular on the special case W = W (k) (A n−1 ) . Frobenius manifolds have certain natural symmetries [D1] , and such symmetries induce symmetries of the corresponding G-functions. Such symmetries are studied in section 5.
Multiplication on caustics and the G-function
By definition, a massive Frobenius manifold M has a semisimple multiplication on the tangent space at generic points of M . The set of points where the multiplication is not semisimple is known as the caustic, and will be denoted K . This is an analytic hypersurface in M , which may consist of a number of components (possibly highly singular),
The set of smooth points in K will be denoted K reg .
The simplest case case is where the multiplication on the caustic K i is of the type A n−2 1 I 2 (N i ) , i.e. the multiplication decomposes into n−2 one-dimensional algebras and a single two-dimensional algebra based on the Coxeter group I 2 (N ) . The following theorem studies the behaviour of the G-function near such caustics. a) The form d log τ I has a logarithmic pole along K i with residue
The explicit form of the multiplication used in the proof of this theorem is, in terms of the coordinate fields δ i = ∂ ∂t i , with respect to some not necessarily flat coordinates t i ,
with caustic K = {t | t 2 = 0} . The canonical coordinates are, on a simply connected subset of M − K ,
the idempotent vector fields are
and the Euler vector field is
With these one may directly calculate the forms d log τ I and d log J near the caustic to obtain the above result. However, not all caustics are of this simple kind, as the following example shows.
Example Consider the Frobenius manifold Q r (CP 1 ) , related to the quantum cohomology of CP 1 , given by the prepotential and Euler field
The canonical coordinates are easily calculated:
2 .
Note that u 1 − u 2 does not vanish at finite points, but will vanish in the limit t 2 → −∞. Thus one has a 'caustic at infinity' or limiting caustic
This idea of a 'caustic at infinity' may be made more precise by introducing new coordinates
In these coordinates the caustic becomes K log = {(t 1 ,t 2 ) |t 2 = 0} and the multiplication takes the form (with t replaced byt) given in the first two equations of (7) with r = N . Such a caustic will be referred to as a logarithmic caustic. These new variables are no longer flat -the metric is logarithmic along K log ,
t 2 , but the F -manifold structure (as the next Lemma will show) is easier to understand in these coordinates.
It is illuminating to calculate the G-function purely in terms of canonical coordinates, as this will mirror the calculations in the next lemma. The G-function is made up of two parts (see [DZ2, DZ3] ):
t 2 (using the fact that the Egoroff potential η = t 2 ) and
Hence from (1) dG = − r 24 dt 2 t 2 and since G is independent of t 1 , G = − r 24 logt 2 . Note that dG has a logarithmic pole along K log (In fact, for any two-dimensional semisimple Frobenius manifold the scaling anomaly and the equations
. From this one sees the close relationship between properties of the G-function and caustics).
The next result studies the behaviour of the G-function near such a limiting caustic. The proof is almost identical to the proof [H1] of theorem 3.
Lemma 4. Let M ⊂ C n be a manifold with coordinatest 1 , ...,t n and K log := {t |t 2 = 0} such that M − K log is a Frobenius manifold (M − K log , •, e, E, g) with the following properties: for some N log ≥ 1 the multiplication • is given by It will be shown in section 4 that for Frobenius manifolds constructed from extended affine Weyl groups the assumption made in the above lemma holds. The lemma shows that near the caustic K log the form dG is, in the original flat coordinates, finite. This fact may then be used to exclude the possibility of terms like e −t 2 appearing in the G-function.
Proof Note for N log ≥ 2 the F -manifold structure is of type I 2 (N log )A n−2 1 (and I 2 (2) = A 2 1 ). For N log = 1 the multiplication has a simple pole along K log . The proof is entirely analogous to the proof of Theorem 3. The socle field is H = 2t 2 δ 2 + δ 3 + . . . + δ n , and nowt 2 δ 2 (η)(0) = 0 . With this data one can repeat the proof of Theorem 3, as given in [H1] , to derive the result.
The G-function for Coxeter groups
The construction of a Frobenius manifold structure on the orbit space C n /W (where W is a Coxeter group) is given in [D1] . The only parts of that construction that will be required in this section are the following:
• in flat-coordinates, the prepotential, and hence the structure functions of the Frobenius algebra, are polynomial functions; • the Euler vector field takes the form
where the d r are the exponents of the Coxeter group and h is the Coxeter number of W . The components of the caustic K for such orbit spaces are given in terms of quasihomogeneous polynomials κ i such that κ −1 i (0) = K i . The F -manifold structure on these caustics is known, the multiplication is of type I 2 (N i )A n−2 1 , and this enables Theorem 3 to be used. The data N i is given in Table 1 . It can be extracted with some work from [H2] Theorem 5.22, which builds on [Gi2] .
Proposition 5. The G-function on C n /W takes the form
and the constant N 1 , which depends on the Coxeter group W , is given in table 1. E 6,7,8 1 It follows from the polynomial nature of the structure functions and Theorem 2 that all first derivatives ∂G/∂t α are rational functions. Hence, on integrating, G takes the schematic form
G(t) = rational function + logarithmic singularities
By Theorem 3, the only singularities that G has are logarithmic singularities on K i . Thus the rational functions must be polynomial. However, the only polynomial function compatible with the symmetry (3) is a constant (this uses the fact that the exponents of the Coxeter group are all positive). Since G is only defined up to a constant anyway one has:
and hence
Using the data in table 1, and in particular that in all cases there is at most one caustic, denoted K 1 , with N i > 3 , the result follows.
The scaling constant γ may be calculated purely from the data on the caustics:
so in particular for W = B n ,
The solutions are summarized in Table 2 . This uses the explicit form of the prepotential for various 4-dimensional Frobenius manifolds given in [D2] . The constants γ are easily found using the exponents of the Coxeter group. Note that if γ = 0 then one may deduce from (10) that N i = 3 for all i and hence G = 0 , even without knowing the number of components of the caustic. Table 2 . The G-function on the space C n /W
The G-function for extended affine Weyl groups
The construction of a Frobenius manifold structure on the orbit space C n / W (where W is an extended affine Weyl group) is given in [DZ1] . The following parts of their construction will be required in this section:
• in flat coordinates, the prepotential, and hence the structure functions of the Frobenius manifold, are polynomial functions in {t 1 , t 2 , . . . , t n−1 , e t n } ; • the Euler vector field takes the form
where the d r are various numbers related to the extended affine Weyl groups, which may be found in Table 2 of [DZ1] . In addition one requires the following properties of caustics and limiting caustics for these manifolds: Proof The proof is simpler in flat coordinates {t} rather than the {t} coordinates. The canonical coordinates are the roots of the polynomial poly(λ) = 0 where
Lemma 6. The extended affine Weyl group Frobenius manifolds are coverings of Frobenius manifolds
Using the information contained within the details of Lemma 2.6 in [DZ1] (in particular the equation preceding (2.30)) it is easy to show that
for r = n (recall that for these manifolds the identity element is given by e = ∂ ∂t k rather than e = ∂ ∂t 1 ). This shows, on expanding the determinant along the k th row or column, that in the limit t n → −∞ , the polynomial poly(λ) has a repeated root. Hence K ∞ is a limiting caustic, or equivalently, K log is a logarithmic caustic. Consideration of the resultant of poly(λ) also shows that the standard caustics are all given in terms of quasihomogeneous polynomials κ i , via
where the κ i are polynomial in the variables {t} . In addition, the Egoroff potential for these manifolds is given by
Thus (t n δ n η) K log is constant. Thus the assumptions in lemma 4 hold for these manifolds.
Proposition 7. Under the assumption that the multiplication on the caustics
where
Proof The idea behind this proof is similar to the one used in proposition 5. One is integrating rational functions so the G-function has only rational and logarithmic terms. Under the above assumption one can exclude pole singularities and by lemma 4 one can exclude behaviour like e −t n . A scaling argument then forces a polynomial to be a constant. In more detail, the argument runs as follows. In flat coordinates equations (4), (5) and (6) (for k = 2 , . . . , n) may be inverted to find all the first derivatives of the G-function with respect to the flat coordinates. These must be rational functions with the same denominator, and so may be written
where p i and ∆ are quasihomogeneous polynomials in {t 1 , . . . , t n−1 , e t n } . It is useful to introduce a slightly different set of variables, {t α }, defined byt α = t α , α = 1 , . . . , n − 1 , andt n = e t n . In these new variables (13) become
where the extra term in the denominator comes from the chain rule. On integrating the singularities will come from the zeroes of the denominator. Thus on integrating G(t) = rational function + logarithmic singularities .
Under the assumption and theorem 3, together with lemma 4 to exclude terms involving e −t n , the rational function must be polynomial and the scaling argument implies that this is then a constant. Thus,
which becomes (12) on converting back to the flat variables. Application of the Euler vector field then gives the final part of the lemma.
Note, this is just the conjectural form of the G-function; in order to prove it one requires information on the F -manifold structure on the caustics of these manifolds. In the special case of the group W = W (k) (A n−1 ) one may easily derive, using ideas from singularity theory, the required F -manifold structure and hence the explicit form of the G-function. 
independent of k .
Proof From the above lemma it suffices to show that the manifold C n / W (k) (A n−1 ) has only one caustic K 1 (together with the limiting caustic K ∞ ) on which the multiplication is of the form A n−2 1 I 2 (3) . The scaling anomaly may be derived from the known data (see table 3 ). The proof that N 1 = 3 comes from a standard argument in singularity theory. The manifold M is isomorphic to the base space of the unfolding
with parameters (a 1 , . . . , a k+m ) ∈ C k+m−1 × C * and variable x ∈ C * (in [DZ1] x = e iφ ). The total space of the unfolding has a critical space C ⊂ C * × M (of dimension n = k + m) and the projection C → M is a branched covering with the caustic K being the image of the critical points of the projection. In this case the critical space is smooth and the set of critical points of the projection C → M is also smooth: from this it follows that the caustic K has only one component and that N 1 = 3 . The same proof may be used to derive the data in the first line of table 1 for the Coxeter group A n .
A plausible conjecture is that the assumption in proposition 7 is true and also that the data on the caustics of the extended affine Weyl groups is the same as the corresponding Coxeter groups. For B 3 , C 3 , G 2 extended affine Weyl groups this may be verified by direct calculation using the explicit formulae for their prepotentials given in [DZ1] . If the conjecture is true then G = −1/24 t n for the D l and E 6,7,8 extended affine Weyl groups as well.
Symmetries of the G-function
Symmetries of the WDVV equation are transformations
which preserve the equations. In appendix B in [D1] two types of symmetries were described, a Legendre-type transformation S κ and an inversion I . Such transformations are defined in terms of flat-coordinates, but in terms of canonical coordinates and isomonodromic data they are very simple, the details being the content of Lemma 3.13 and Proposition 3.14 in [D1] . Such transformations induce transformations in the isomonodromic τ I functions (basically Schlesinger transformations) and the G-function:
Lemma 9. Under a symmetry S κ :
τ I = τ I , G = G − 1 24 log det ∂(t 1 , . . . ,t n ) ∂(t 1 , . . . , t n ) ,
Under an inversion I :τ
(This second result assumes that the Euler vector field takes the form
and that d = 1. The result may be easily extended to cover more general cases).
No proof will be given -it follows immediately from Lemma 3.13 and Proposition 3.14 in [D1] together with the transformation properties of Jacobians. These formulae may be used to define the G-function on twisted Frobenius manifolds. Note also the invariant properties of G under inversions if n = 12 .
Example Consider the prepotential corresponding to the extended affine Weyl group A The corresponding G-function is given by (14):
Under the symmetry S 2 and S 3 one obtains, respectively, the prepotentialŝ The first of these solutions was obtained in [CT] by directly solving Getzler's equations (2) from the corresponding prepotential. The results of this paper may be used to construct the genus one corrections to the bi-Hamiltonian hierarchy for generalized, multi-component, Toda and Benney hierarchies.
